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. Prove this by construction, explicitly finding the
centre of rotation. Expressing the quadratics in
completed square form (invent new constants for
this purpose) is the easiest way to do this.

. (a) Consider the (n — k) lowest links as a single
object. Use NII.
(b) Consider the limit as the size of the links in a
chain becomes very small. You can set a = 0
or not as you wish.

. For a combinatorial approach, the possibility space
has 8C, total outcomes.

ALTERNATIVE METHOD

For a conditioning approach, choose a vertex wlog.
Then consider the number of successful locations
for the second vertex.

Rearrange to the form y = f(k)x, and show that
the range of f(k) is R. Also show that z = 0 is one
of the lines.

This is a cubic in 2%. Use the substitution z = 2%
and then the factor theorem. You might want to
use a polynomial solver to help you, even if it won’t
show anything.

Differentiate with respect to y, and thus find the
equation of the tangent line. Solve simultaneously
for intersections.

(a) Use a double-angle formula, and then one of
the Pythagorean identities.

(b) Use the identity in part (a), and then solve
using the factor theorem.

Write the solution as a pair of equations for z and
y in terms of x, with constants of proportionality
k1 and ks. Differentiate each with respect to x.

Divide (z* + 322) by (x +1). A “proper algebraic
fraction” means that the degree of the numerator
should be lower than that of the denominator.

Solve simultaneously for intersections, and show
that the resulting equation has a triple root (point
of tangency).

Consider the sign of the first derivative.

(a) Use a calculator.

(b) Find the probability that neither sablefish is
over 70 cm long, and subtract this from 1.

. Neither of these holds.
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. Expand with compound angles, and then use small
angles. The assumptions concern the unit of angle
and which terms are to be neglected.

Translate the entire problem by vector bi before
you begin. Then find the equation of the tangent
at x = 2. Solve this equation simultaneously with
that of the curve.

Use the substitution v = 1+ /x.

Allocate role by role, multiplying the numbers of
ways in which each set of roles can be filled.

Expand the LHS with a compound-angle formula
and simplify to (1+tan#)/(1—tan#@). Expand the
RHS with double-angle formulae, before putting
the fractions over a common denominator. Then
factorise top and bottom.

Use the cumulative normal distribution on a
calculator.

Use p = np for a binomial distribution.

Use the inverse normal facility on a calculator,
with p = 0.99 and o = 0.02.

Do likewise, but now with o = 1.

Compare the degree and number of known roots
of the polynomial equation f(z) = g(x).

Express the numbers as a = 0.A[other digits] and
b = 0.Blother digits]. Show that £ satisfies the
conditions of the proof.

Consider this sum with reference to the unit circle
or a sine graph: no calculation is required.

Assume the same p at both supports. Draw a force
diagram for the rod, and consider the magnitude
of the reaction (and thus friction) at each support.

(a) Consider the set of inputs to the question.
(b) Cousider the type of answer that emerges.

(¢) Consider whether any elements of your set
from (b) are unattainable.

Consider the formula for S, .

By considering the inputs z and —x, show that the
graph has the y axis as a line of symmetry.

. (a) Count outcomes.

(b) The fact that the central region is blue gives
no information as to the probability of there
being exactly two colours.
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. (a) Differentiate.

(b) Find a rational root = b/a, and so deduce a
factor (ax — b).

(¢) Take out the factor you found in (b), and so
find the remaining factors, or use the method
of (b) to find the remaining factors.

This is best done using circle geometry (as opposed
to coordinate geometry). Note that the two circles
have centres on the = axis, so the tangents must
meet on the = axis.

You can prove this algebraically, using
a,a+k,a+2k,a+ 3k and f(x)=pzx+q.

But it’s easier visually, considering the fact that
the points = = a,b, c,d are spaced equally along
the z axis.

In each case, find the second derivative and then
factorise it. Hence, work out whether it becomes
zero and changes sign anywhere.

This is a counting exercise: find a way (easiest on
a set of axes) to list the possibilities. Note that
72 is just a notation for the lattice of integer grid
points in the (z,y) plane.

(a) Express  and y in terms of ¢, and eliminate ¢.
(b) Use your answer from (a).

(¢) No major calculation is required here. Use the
symmetry of a parabola.

Set up an expression for the y distance between
the curves. To show that it has no roots, consider
the amplitude of the combined trig functions (i.e.
in harmonic form).

The sum of n standardised, independent normal
variables has distribution N(0,n).

The region R in question, subdivided by chord AB
into a segment and a triangle, is shaded below:

)
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. The angle of inclination of L is #, and it passes
through the point (a,b). Draw a clear sketch. The
reflection(s) will also pass through (a,b).

(a) Consider that, near the y axis, |x| is small.

(b) Differentiate implicitly to find a formula for
%' Set the numerator/denominator of this to
zero to look for horizontal/vertical tangents.

(c) Consider the behaviour as x — +o0o. Combine
this with the results of (a) and (b).

Each factor is the same quadratic, either in x or
x3. Consider the discriminant.

This can be calculated using the infinite sum of
a GP. However, it is much easier to condition on
“the throw on which the game ends”, which must
come eventually.

Expand the compound angles in the first equation,
and simplify to get two equations both involving
sin . Eliminate sin #, and solve for ¢.

One is true, two are false.

Rearrange to make y the subject, then consider
symmetry, axis intercepts and the behaviour as
xr — +oo.

Find |OA|, |0C|, |AB| and |BC| in terms of 6,
using similar triangles. Then apply Pythagoras
to triangles OAB, OCB and OAC. The first two
give standard Pythagorean identities, the third a
less familiar one.

Find and simplify an expression for the squared
distance between the asteroids. Use calculus or
complete the square to minimise this.

(a) Use the quotient rule, and then set the first
derivative to zero.

(b) Show that the second derivative is zero and
changes sign at the origin.

(c) Use parts (a) and (b).
Use the substitution z = a? — 1.

(a) Draw a force diagram, including acceleration
a down the slope.

(b) Calculate a, and use it in a suvat.

(c) Take the answers from (b), and set them as
the initial conditions for projectile motion.

The DE is satisfied for any graph whose gradient is
either 1 or 2.
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. Write the trig functions in harmonic form. In other
words, find R and « such that

sint + (V2 — 1) cost = Rsin(t + a).

Then solve for ¢.

Determine the range of secz first, before setting
this as the domain of z — €.

(a) Set the first derivative to zero.

(b) Consider your answers to (a), together with
the domain of the graph, the behaviour for
large z, and any axis intercepts.

Throughout, a clear diagram with help.

(a) Consider the translation as a weighted average
of the translations from A to B and A to C.

(b) Write all of the vectors in terms of a, b, c.
(c¢) Use both (a) and (b).

Put the fractions over a common denominator, and
then use Pythagorean trig identities.

(a) Set (av/3 + b)? = 8 — 4¢/3, multiply out and
equate coefficients.

(b) Reciprocate and find a simplified expression
for tan ¢, then use the second Pythagorean
identity and part (a). The fact that ¢ is acute
allows you to choose between the square roots.

In one sense, the result is obvious, thinking about
the equation of a straight line

Y=
m=——-.
r — X

But we can’t assume that % is a constant m, so
it isn’t easy to make such an argument rigorous.

More reliable is to solve the DE by separating the
variables. Consider the point (1,1) once you have
the general solution.

. Consider a situation where the individual samples
have very different means, compared to the sizes
of the samples.

. The rhombus is as follows:

B
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Find the coordinates of X in terms of #. Using
similar triangles, show that the perimeter is given
by

P =4(cot + tan¥).

Simplify this using trig identities.

(a) use a double-angle formula to write  in terms
of cos 2y.

(b) This graph is a subset of that in (a).

Take logs with base k of both sides of the given
prime factorisation statement. Simplify using log
rules.

Draw a clear sketch of the first two forces, which
includes their lines of action. For an object to be
in equilibrium under the action of three forces, the
three lines of action must be concurrent.

Take logs base 2 of the equation given, and then
use log rules to rearrange.

Since a, can take any value in the range (over N)
of 20n — n?, and likewise by, the question suggests
that there must only be a single value which lies
in the range of both quadratics. Work this out by
completing the square or differentiating. A sketch
may also help, as ever!

Consider the symmetry of y = f(x). Since f is
odd (no even powers), the graph has rotational
symmetry around the origin. Hence, since it is a
polynomial, it passes through the origin.

Since the triangle is right-angled, the area is %ab.
For this to be an integer, you need to show that at
least one of a and b has a factor of 2. Prove this
by contradiction.

(a) Consider the second derivative as the gradient
of the graph shown.

(b) Show that the cubic has a stationary point of
inflection.

Solve the equations simultaneously for a and b,
in terms of i and j. You can then write these as
column vectors.

(a) There is one successful outcome.

(b) There are two successful outcomes, depending
on the random number chosen.

Resolve along the angle bisector, with angle 6/2.
Then use cos® z = 1(cos2xz + 1), with z = 16.

The equation is a quadratic in zy. Solve it.
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. (a) Find a counterexample.

(b) Find explicit expressions for the RHSs, in the
cases that x is positive or negative.

Assume, for a contradiction, that there exists a
smallest positive irrational number k. Then find a
smaller positive irrational number.

Write ¢ as uv™!, then differentiate by the product
and chain rules.

Show first that the amount owed after 1 month is
T1:P<1—|—T>—C.

Then apply the interest rate to the outstanding
amount, subtract another ¢, and simplify.

Solve the inequality to find the successful values
of Z. Then use a normal distribution calculator to
evaluate the probability.

Use the first Pythagorean identity.

Use the fact that the second square occupies the
interval y € [0, 1].

(a) Draw a tree diagram, conditioning on having
had the disease D or not D’. Let p = P(D).
Set up and solve an equation in p.

(b) 30% is a value from a sample.
Factorise e?* — 1 as a difference of two squares.

(a) Use the chain and then product rules.

(b) The greater the curvature (i.e. magnitude of
the second derivative), the more the curve will
depart from any line used to approximate it.

Consider y = az? +bx +c. You need to reflect this
in the y axis, and also stretch it, scale factor 2, in
the x direction. In combination, this is a stretch,
scale factor —2, in the z direction.

This is a quadratic in (x — 2y). Factorise.

Express both probabilities in terms of r and b, and
set up a pair of equations. Multiply up so both
equations involve (b+r)(b+r —1). Substitute for
this, and solve.

This is true. Rewrite the second implication, and
it becomes obvious.

(a) Set t to be e.g. 2 for your sketch.

(b) Find the equation of PQ and of the normal to
PQ@Q through O. Solve these simultaneously.
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(c) Use Pythagoras, taking out and cancelling
common factors when you can.

(d) You don’t need to do any algebra: consider the
symmetry of the original problem.

Consider the value p as generating translations of

the curves y = 2% and = = y3.

Find the area A; of the central region first. It can
be subdivided into a square and four segments.
Show that each of its segments subtends 30°. Use
this to find the positions of the intersections.

Then find the area A, of a region common to two
diagonally opposite right-angled sectors.

The shaded area is 245 — 2A4;.

Use the small-angle approximations sinf =~ ¢ and
cosf ~ 1 — 6%

The final calculation has been given as if this were
a two-tailed test.

Either use the discriminant or circle geometry.

(a) Consider the number of steps taken to reach
the nth term.

(b) Find rS,,. When you calculate S,, — 1S, all
but two of the terms should cancel.

Use the substitution z = 22 — 4.

(a) Consider limiting equilibrium (i.e. friction at
Flax) for the upper block.

(b) Consider limiting equilibrium (i.e. friction at
Fiax) for the lower block.

(¢) Combine your answers from (a) and (b).

dz

Let u = cosz. Find % and therefore 9% in terms
of z. Then find - (sinz) by the chain rule (that is
to say, implicit differentiation), and substitute the
relevant derivative in.

In each case, take out a factor of (z — 1) from the
both top and bottom. Cancel this factor before
taking the limit.

(a) Use a calculator.

(b) Find the distribution X; + X5 using standard
results regarding the normal distribution, then
use a calculator.

Show that the gradients are reciprocals, i.e. that
the lines are reflections in y = =x.

You need to show that the line doesn’t intersect
the boundary parabola, and that, therefore, it lies
below it for all x.



3299. (a) Use Pythagoras, dividing the triangle in two.
(b) Eliminate b and rearrange.

(¢) Turn the result from (b) into an iteration, and
run it with e.g. a9 = 10.

3300. Simplify with log rules. To simplify the second
term, write log, as log,.

— END OF 33RD HUNDRED



